In this paper, we propose a new class of discrete time stochastic processes generated by a two-color generalized Pólya urn, that is reinforced every time. A single urn contains a white balls, b black balls and evolves as follows: at discrete times we sample 1, 2, , n    
The numbers n M and are random variables. We show that the proportions of white balls forms a bounded martingale sequence which converges almost surely. Necessary and sufficient conditions for the limit to concentrate on the set are given.
n N
Introduction
Urn models have been among the most popular probabilistic schemes and have received a lot of attention in the literature (see [1, 2] ). Let us describe the Pólya urn scheme briefly. In 1923, [3] proposed the following urn scheme to model processes such as the spread of infectious diseases. In this scheme, a single urn contains white balls and black balls. One ball is drawn at random and then replaced, together with balls of the same color. The procedure is repeated n times. It is known that the sequence of the proportions of white balls is a martingale converging almost surely to a random variable having a beta distribution with parameters 0 a  0 b  0 c  a c and b c . Since then, numerous generalizations and extentions of the Pólya urn have been studied : see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In 1990, [6] generalized the Pólya urn model with the single change that the number of extra balls added in the urn is a function of time. One ball is drawn and is replaced in the urn along with F(n) balls of the same color. In his setup can be any function. He showed that the proportions of white balls converge almost surely and the limit has no atom except possibly at 0 or 1.
In this paper, we propose a new class of discrete time stochastic processes generated by a two-color generalized Pólya urn that is reinforced every time. This is a generalization of the urn model considered in [10] . A single urn contains white balls and black 0 a  0 b  balls: at discrete times 1, 2, , n   we draw n are random variables in . We show that the proportions of white balls form a bounded martingale sequence which converges almost surely. Necessary and sufficient conditions for the limit to have no atoms at 0 or 1 are given.
N  This paper is organized as follows. In Section 2, we set the probabilistic model for a randomly reinforced urn. In Section 3, we show that the proportions of white balls form a bounded martingale sequence which converges almost surely. Necessary and sufficient conditions for the limit to concentrate on the set  are given. We conclude the paper by proving that interacting reinforced urn process are asymptotically exchangeable. 
Model Description and Notation
On a rich enough probability space  Hypergeometric ,
n n random variable. Now we iterate this sampling scheme forever. Thus, at time , given the sigma-field n generated by , we consider that
random variable and we assume that 
This is a generalization of the reinforced urn model considered in [10] . Assume that, at each time periode a new firm appears on the market and have to choose operative systems among the systems A and B, for its n n computers. The firm can choose given in (2.1) is going to describe the evolution along time of the proportion of computers operating systems A.
Martingale Property
The process  is of primary interest for studying the stochastic processes generated by this generalization of Pólya's urn. Here n
Z represents the proportion of white balls in the urn at time . We show that these proportions form a bounded martingale. This martingale converges almost surely. The next theorem is of fundamental importance, this is our main result. 
The transition between the second equality and the third equality relies on the fact that, conditionally on 
0 . This happens whenever
the general term of the series being proportional to 1 n  .
From Theorem 3.1 we deduce that, Corollary 3.3. Assume that the sequence satisfies the following conditions
Proof. For every fixed and for sufficiently large ,
Then, using the well know convergence of the hypergeometric probabilities to the binomial, we have
and the conclusion follows from the bounded convergence theorem. As a consequence of Theorem (3.2), we have the following. 
Proof. Since the sequences and
are bounded by some constant and for all we obtain from (3.1) that
The final result in this section shows that the law of large numbers holds for interacting reinforced urn systems. 
Conclusions
Urn model have been widely studied and applied in both scientific and social science disciplines. In this paper, we have proposed a general class of discrete stochastic processes generated by a two-color generalized Pólya urn. This model generalizes a model previously studied by [10] . This paper also shows that the proportion of white balls form a bounded martingale sequence which converge almost surely. Asymptotic properties and asymptotic exchangeability are given. However, the complete characterization of the limit still remains to be resolved in the future and it would be interesting to explore the possibility extensions to more than two colors. Another important application of this urn models is to randomize treatments to patients in a clinical trial (see [18] ). Consider an urn containing balls of two type, representing two treatements. Patients normally arrive sequentially, and treatment assigned on the urn composition and previous treatment outcomes. For more details analysis on this application, we refer to [13] .
